Abstract. This article consists of some loosely related remarks about the geometry of G 2 -structures on 7-manifolds and is based on unpublished joint work with two other people: F. Reese Harvey and Steven Altschuler.
Introduction
This brief article consists of a collection of remarks on the geometry of G 2 -structures on 7-manifolds that are based largely on old unpublished joint work carried out on separate occasions with two other people: F. Reese Harvey and Steven Altschuler.
The work with Reese Harvey concerned techniques for calculating various quantities associated to a G 2 -structure, possibly with torsion, and was carried out intermittently during the period 1988 through 1994.
The work with Steven Altschuler concerned the geometry of a natural Laplacian flow for G 2 -structures and was carried out in 1992.
The main reason for making these remarks available now is that some of the formulae and results that we derived do not seem to have appeared yet in the literature and some people have expressed an interest in learning about them.
Algebra
This section will collect the main results about the group G 2 that will be needed. The reader may consult [2] , [12] , or [13] for details concerning the properties of the group G 2 that are not proved here. In general, the notation is chosen to agree with the notation in [2] .
2.1. The group G 2 . Let e 1 , e 2 , . . . , e 7 denote the standard basis of R 7 (whose elements will be referred to as column vectors of height 7) and let e 1 2.3. Some G 2 actions. The group G 2 acts transitively on the unit sphere S 6 ⊂ R 7 . The stabilizer subgroup of any non-zero vector in R 7 is isomorphic to SU(3) ⊂ SO (6) , so that S 6 = G 2 / SU(3). Since SU(3) acts transitively on S 5 ⊂ R 6 , it follows that G 2 acts transitively on the set of orthonormal pairs of vectors in R 7 . However, G 2 does not act transitively on the set of orthonormal triples of vectors in R 7 since it preserves the 3-form φ.
2.4.
The ε-notation. It will be convenient to use an ε-notation that will now be introduced. This is the unique symbol that is skew-symmetric in either three or four indices and satisfies φ = Thus, for example, ε 123 = 1 and ε 4567 = 1, while ε 124 = ε 3456 = 0. Another way to think of this symbol is via the cross product: e i × e j = ε ijk e k .
The symbol ε satisfies various useful identities. For example (using the summation convention), ε ijk ε ijl = 6δ kl (2.6)
ε ipq ε ijk = ε pqjk + δ pj δ qk − δ pk δ qj (2.8) ε ipq ε ijkl = δ pj ε qkl − δ jq ε pkl + δ pk ε jql − δ kq ε jpl + δ pl ε jkq − δ lq ε jkp . (2.9)
These identities are actually quite easy to prove using the fact that G 2 acts transitively on orthonormal pairs. For example, identity (2.8) can be reduced to the case where p = 1 and q = 2. Then the only non-zero term on the left hand side is ε 312 ε 3jk . By the definitions of φ and * φ φ, both sides of the equation vanish unless {j, k} is one of the subsets {1, 2}, {4, 7}, or {5, 6}, and the identity clearly holds in those cases. The other identities can be proved similarly.
Matrix and vector representations.
The ε-symbol can be used to describe the algebra g 2 as a subalgebra of so (7), the space of skew-symmetric 7-by-7 matrices. A skew-symmetric matrix a = (a ij ) lies in g 2 if and only if ε ijk a jk = 0 for all i.
For any vector v = v i e i ∈ R 7 , define [v] = (v ij ) ∈ so(7) by the formula v ij = ε ijk v k . It then follows that so(
which is the G 2 -invariant irreducible decomposition of so (7) . Note that [v] is the matrix that represents the linear transformation of R 7 induced by cross-product with v ∈ R Conversely, define the map · : so(7) → R 7 by (a ij ) = (ε ijk a jk ). The kernel of this mapping is g 2 and the ε-identities imply that, for all a, b ∈ R 7 ,
[a] = 6a (2.10) 2.6. The G 2 -type decomposition of exterior forms. To avoid writing (R 7 ) * many times, I will, for the rest of this section, use V as an abbreviation for the vector space R 7 . Although G 2 acts irreducibly on V and hence on Λ 1 (V * ) and Λ 6 (V * ), it does not act irreducibly on Λ p (V * ) for 2 ≤ p ≤ 5. In order to understand the irreducible decomposition of Λ p (V * ) for p in this range, it suffices to understand the cases p = 2 and p = 3, since the operator * φ induces an isomorphism of G 2 -modules Λ p (V * ) = Λ 7−p (V * ). In [2] , it is shown that there are irreducible G 2 -module decompositions
). These summands can be characterized as follows:
In this table, the entries g
This subspace is an irreducible G 2 -module since G 2 is simple.
Second, S 2 0 (V * ): Consider the mapping i :
The mapping i is G 2 -invariant and one can show that
Evidently, i is injective and hence the 27-dimensional subspace i S
. Using the ε-notation, one can express the map i in indices as
making it evident that i(g) = 6φ. It will be useful to have a formula that allows one to invert the map i. Define j :
for γ ∈ Λ 3 (V * ) and v, w ∈ V . It is not difficult to verify that
. Note also that j(φ) = 6g, while j Λ (V * ) are given their natural metrics.
1 The usual inner product on exterior forms is meant here, while, when h = h ij e i e j with (e i ) being a g-orthonormal coframe of V , one sets |h| 2 = h ij h ij .
2.7.
More G 2 representation theory. It will, from time to time, be useful to have some deeper knowledge of the representation theory of G 2 , so some of these facts will be collected here. For details, consult [11] . Since G 2 is a simple Lie group of rank 2, its irreducible representations can be indexed by a pair of integers (p, q) that represent the highest weight of the representation with respect to a fixed maximal torus in G 2 endowed with fixed base for its root system. The irreducible representation of highest weight (p, q) will be denoted V p,q .
2.7.1. The standard representation. The fundamental representation V 1,0 ≃ R 7 is the 'standard' representation in which G 2 has been defined in this article.
The representation V p,0 for p ≥ 0 is isomorphic to S p 0 (R 7 ), i.e., the symmetric, trace-free polynomials of degree p in seven variables. (It is somewhat remarkable that these irreducible representations of SO (7) remain irreducible when thought of as representations of G 2 .) In this article, the only representations V p,0 in this series that will be important are those for p = 0, 1, 2.
The adjoint representation.
The other fundamental representation, V 0,1 ≃ R 14 is isomorphic to g 2 , i.e., is the adjoint representation of G 2 . The representation V 0,p for p ≥ 0 is then the irreducible constituent of highest weight in S p (g 2 ). In this article, only V 0,1 ≃ g 2 and V 0,2 ≃ R 77 from this series will be important. (This latter one will be important because it is the space of curvature tensors of G 2 -metrics.) The reader must be careful not to confuse the representation V 0,2 with V 3,0 , which also happens to have dimension 77.
One further fact about these representations will be needed: Since V 0,1 ≃ g 2 is the adjoint representation of G 2 , the symmetric power S p (g 2 ) of this representation contains a trivial summand if and only if there is an Ad(G 2 )-invariant polynomial of degree p on g 2 . Now, it is a classical fact that the ring of Ad(G 2 )-invariant polynomials on g 2 is a free polynomial ring on two generators, one of degree 2 and one of degree 6. In particular, the only Ad(G 2 )-invariant polynomials of degree 4 on g 2 are multiples of the nontrivial Ad(G 2 )-invariant polynomial of degree 2 on g 2 , i.e., the invariant quadratic form. In particular, one has the following useful formula:
which, in any case, is easily verifiable by checking it on elements of the form α =
where t ⊂ g 2 is a Cartan subalgebra.
Other representations.
Of the representations V p,q with p and q positive, only V 1,1 ≃ R 64 will play any significant role in this article (and mainly as a nuisance at that). In fact, each of the other representations V p,q with both p and q positive has dimension at least 189, so these can easily be ruled out for dimension reasons in the calculations to follow.
The following tensor product and Schur functor decompositions will be useful: (2.20)
4. An example of G 2 -type decomposition. As an application of these formulae that will be used below, consider the problem of decomposing β∧β ∈ Λ 4 (V * ) into its G 2 -types where
and since, by (2.20), we have
Moreover, since there is, up to multiples, only one G 2 -invariant quadratic form on V 0,1 and since * φ φ spans Λ
where the first term on the right lies in Λ 4 1 (V * ) while the second term (in parentheses) lies in Λ 4 27 (V * ). The constant λ is determined as follows: Wedging both sides with φ and using the fact that β∧φ = − * φ β while γ∧φ = 0 for γ ∈ Λ 4 27 (V * ) yields
showing that λ = − 1 7 . Thus, the G 2 -type decomposition is given by (2.24)
for β ∈ Λ 2 14 (V * ). Of course, this decomposition is orthogonal, so, using the identity (2.19), one can take the square norms of both sides, yielding (2.25)
Consequently, for β ∈ Λ 
consists of a single GL(V )-orbit, this set does not depend on the choice of u.
3. G 2 -structures 3.1. Definite forms on manifolds. Let M be a smooth manifold of dimension 7. The union of the subspaces Λ
The set of definite 3-forms on M will be denoted Ω 3 + (M ). This set can be identified with the set of G 2 -structures on M in the following way:
Let
Then every G 2 -reduction of F (i.e., G 2 -structure on M in the standard sense) is of the form F σ for some unique σ ∈ Ω 3 + (M ). For this reason, a 3-form σ ∈ Ω 3 + (M ) will usually simply be called a G 2 -structure.
Definition 2 (Associated metric and orientation). For any σ ∈ Ω 3 + (M ), denote by g σ and * σ the metric and Hodge star operator on M that are canonically associated to σ.
Type decomposition.
Since G 2 acts reducibly on Λ p (V * ) for 2 ≤ p ≤ 5, one can associate to any G 2 -structure σ on M natural splittings of the p-form bundles Λ p (T * M ) into direct summands. These will be labeled as Λ
. Thus, for example, in view of (2.14), one has
Fortunately, the irreducible modules of dimensions 14 and 27 only occur in one dual pair of dimensions each. Meanwhile, the irreducible module of dimension 7 occurs in each degree 1 ≤ p ≤ 6. From time to time, it is useful to be able to recognize the scale factors that can be introduced by the various different isomorphisms between these different modules. For example, for α ∈ Ω 1 7 (M ) one has
and these identities can sometimes be useful in simplifying various expressions. One should also keep in mind that, using the metric, each 1-form α has a corresponding dual vector field α ♯ and there are useful identities of the form
3.3. Exterior derivative formulae. The decomposition of the p-forms on M allows one to express the exterior derivatives of both σ and * σ σ in fairly simple terms:
14 (M, σ), and τ 3 ∈ Ω 3 27 (M, σ) so that the following equations hold:
Proof. In view of the decomposition (2.14), the only part of this proposition that is not simply the definition of the τ i is the occurrence of τ 1 in two places. In fact, by (2.14), there exist unique forms
However, as is shown in [2] , there is an identity
, and this is equivalent toτ 1 = τ 1 . Remark 1 (General torsion identities). The existence of the identity (3.7) may seem surprising at first, but the existence of such an identity can be understood by general considerations: For any subgroup G ⊂ SO(n), the first order invariants (usually called the 'intrinsic torsion') of a G-structure F on an n-manifold M take values in a bundle over M associated to the natural G-representation on (so(n)/ g) ⊗ R n . (See §4.2 below for a further explication of this fact.)
In the present case of G 2 ⊂ SO (7), this representation space is
and as has already been remarked, these four summands are isomorphic, respec-
14 (V * ), and Λ 3 27 (V * ). Since the exterior derivatives of the defining forms σ and * σ σ can be expressed linearly in terms of the first order invariants of F σ and since there is only one Λ 1 (V * ) in the above representation list, it follows that the two 1-forms τ 1 andτ 1 alluded to in the above proof must satisfy some universal linear relation. Consideration of the fact that replacing σ by λ 3 σ for some positive function λ will replace * σ σ by λ 4 * σ σ shows that this relation must be the one given in the Proposition.
By considering explicit examples it can be demonstrated that the four representations show up independently in the formulae for the exterior derivatives of σ and * σ σ. This implies the classic result of Gray and Fernandez that a G 2 -structure has all of its first order invariants vanish if and only if the defining 3-form is both closed and coclosed.
Definition 3 (The torsion forms). For a definite 3-form σ ∈ Ω 3 + (M ), the quadruple of forms (τ 0 , τ 1 , τ 2 , τ 3 ) defined by (3.6) will be referred to as the intrinsic torsion forms of σ.
Frame Bundle Calculations
4.1. The associated Levi-Civita connection. Let σ ∈ Ω 3 + (M ) be a G 2 -structure with associated G 2 -bundle F σ ⊂ F. This bundle can be canonically enlarged to an oriented orthonormal frame bundle F σ = F σ · SO(7) ⊂ F and this larger bundle will be referred to as the associated metric frame bundle of σ. Now π : F σ → M has a tautological V -valued 1-form ω defined by requiring that ω(v) = u(π * (v)) for all v ∈ T u F. It may help the reader to think of ω as expanded in the basis e i in the form ω = ω 1 e 1 + · · · + ω 7 e 7 and then think of ω as a column of height 7, i.e., ω = (ω i ).
The Levi-Civita connection is then represented on F σ as a 1-form ψ on F σ taking values in so (7), i.e., the 7-by-7 skew-symmetric matrices. As such ψ = (ψ ij ) where
The defining property of ψ is that it satisfies the first structure equation of Cartan:
In indices (i.e., components) this matrix equation becomes the system of equa-
The curvature of this connection is represented by the 2-form Ψ = dψ + ψ∧ψ. It satisfies the first Bianchi identity
and has the indicial expression
The natural connection and intrinsic torsion on F σ . To save writing, I will denote the pullbacks of ω and ψ to F σ by the same letters, trusting the reader to keep in mind where various equations are taking place.
The pullback of ψ to F σ will not generally have values in g 2 ⊂ so(7). However, keeping in mind the canonical decomposition so(7) = g 2 ⊕[V ], there is a unique decomposition of the form
where θ takes values in g 2 and τ takes values in V . (The coefficient 2 simplifies subsequent formulas.) Then θ is a connection 1-form on F σ and defines what will be referred to as the natural connection associated to the G 2 -structure σ. This connection will not be torsion-free (and hence is not the Levi-Civita connection) unless τ vanishes identically.
4.2. General G-structure torsion. This construction of a natural connection for a G 2 -structure σ is an instance of a general construction valid for any G ⊂ O(n).
Letting g ⊂ so(n) denote the Lie algebra of G, there is a unique G-equivariant splitting so(n) = g ⊕ g ⊥ obtained by using the standard O(n)-invariant inner product on so(n).
For any G-structure π : F → M , one has the associated orthonormal frame bundle F = F · O(n). One can then pull back the Levi-Civita connection ψ on F to F and decompose it uniquely in the form ψ = θ + τ where θ takes values in g and τ takes values in g ⊥ ≃ so(n)/ g. The 1-form θ defines a natural connection on F (one that is the pullback to F of a metric-compatible connection, generally with torsion, on F). The 1-form τ represents a section T of the associated torsion bundle F × ρ (g ⊥ ⊗R n ), where ρ : G → End g ⊥ ⊗R n is the tensor product of the two obvious representations.
It is a general result (essentially due toÉ. Cartan) that all of the pointwise first-order diffeomorphism invariants of a G-structure F ⊂ F that are polynomial in the derivatives of the corresponding defining section σ of the bundle F /G are expressible as polynomials in the section T .
Moreover, for k ≥ 2, all of the pointwise k-th order diffeomorphism invariants of a G-structure F ⊂ F that are polynomial in the first k derivatives of the corresponding defining section σ of the bundle F /G are expressible as polynomials in the section T , its first k−1 covariant derivatives with respect to the connection θ, the curvature of θ, and its first k−2 covariant derivatives (with respect to θ).
Consequently, for each k ≥ 1, the polynomial pointwise invariants of order k are polynomials in a canonically defined section of a vector bundle of the form
where V k (g) is the unique G-representation that satisfies
In the familiar case in which g = so(n), the first torsion space V 1 so(n) vanishes (this is simply the fundamental lemma of Riemannian geometry) and one has the result (due to Cartan and Weyl) that all of the pointwise invariants of a metric can be expressed in terms of the Riemann curvature tensor and its covariant derivatives with respect to the Levi-Civita connection.
Remark 2 (Canonical connections). The use of the term 'natural' with regard to the connection θ on the G-structure F should not be construed to mean that this is the only 'canonical' connection on M that is compatible with F . In many cases, this is only one of a family of possible 'canonical' connections that can be defined in terms of the first-order invariants of the G-structure F and that are preserved under equivalence of G-structures.
For example, if the G-modules V 1 (g) and g ⊗R n have common constituents, so that the space Hom G V 1 (g), g ⊗R n of G-equivariant homomorphisms between the two spaces has dimension r > 0, there will be an r-parameter family of ways of modifying θ, by adding a g-valued 1-form whose coefficients are linear in the torsion functions, in such a way that the resulting modification defines a connection on M compatible with the G-structure F . Each element in this r-parameter family of connections can be regarded as canonical in the sense that equivalence of Gstructures will induce isomorphisms between the corresponding connections in the r-parameter family. Depending on the intended use, it could well be that one of these other connections (rather than the one being called 'natural' in the present article) is better suited for expressing identities of one kind or another.
4.3. G 2 -specific calculations. In the specific case of G 2 ⊂ SO(7), one finds, as has already been remarked,
while V 2 (g 2 ), which has dimension 392, has the decomposition
Naturally, this latter space has V 2 so(7) , i.e., the curvature tensors of metrics in dimension 7, as a quotient. For comparison, note that, as G 2 -modules:
The Ricci tensor takes values in a subspace isomorphic to V 0,0 ⊕ V 2,0 while the remainder represents the Weyl tensor.
shares two G 2 -irreducible modules with V 1 (g), it follows from Remark 2 that there is actually a 2-parameter family of canonical connections associated to any G 2 -structure σ. Each element in this family is compatible with σ (in the sense that σ is parallel under the corresponding parallel translation). Since the common constituents V 1,0 and V 2,0 correspond to the torsion forms τ 1 and τ 3 , respectively, it follows that the entire two-parameter family of canonical connections collapses to a single connection if and only if the G 2 -structure σ satisfies τ 1 = τ 3 = 0. In this case, differentiating the equations (3.6) shows that τ 0 τ 2 = 0 and dτ 0 = 0. In particular, when M is connected, it follows that τ 0 is constant. If τ 0 = 0, then the G 2 -structure is closed. If τ 0 = 0, then τ 2 = 0 and one has the equation dσ = τ 0 * σ σ, which is the defining equation for the so-called 'nearly G 2 -structures'. Thus, the family of canonical G 2 -connections associated to a G 2 -structure σ collapses to a single G 2 -connection if and only if either σ is closed or it defines a nearly G 2 -structure. Remark 4 (Covariant differentials). The decisive advantage of using the forms Dτ and Dθ to express the curvature tensor is that these forms do not contain all of the information about the second order invariants of the underlying G 2 -structure σ although they do contain enough information to recover the Riemann curvature tensor of the underlying metric.
4.5. Indicial calculations. The indicial expression of (4.1) in terms of (4.4) is (4.13)
Denote π * (σ) by σ and, with a slight abuse of notation, denote π * ( * σ σ) by ⋆σ. Then
These give rise, via (4.13) and the ε-identities, to the formulae
There are unique functions T ij on F σ so that (4.17)
These functions can be used to express the intrinsic torsion forms in indicial form:
T ii σ . (In these formulae, one sums over repeated indices in any term.)
Curvature identities. The covariant differentials can be expressed in indices as
where each of T and S are skew-symmetric in their last two indices, S is skewsymmetric in its first two indices and, since Dθ takes values in g 2 , the functions S also satisfy ε ijm S ijkl = 0 for all m, k, and l. Since Ψ = Dθ + 2 Dτ , the Riemann curvature functions are expressed as
so that the first Bianchi identity becomes
The identities (4.22) impose 28 linear conditions on the T ijk alone. Perhaps the easiest way to derive these 28 conditions is to expand the identities
and use the structure equations (4.13) together with the definitions (4.9), (4.19), and (4.20). This will be left as an exercise for the reader. The result is that the conditions (4.23) are equivalent to the following equations (some of which are redundant):
This implies that the function (T ijk ), which nominally takes values in a G 2 -module of the form (4.25)
actually takes values in a submodule of the form
The Ricci identity.
It was Bonan [1] who first observed that the Bianchi identities imply that a G 2 -structure with vanishing torsion must necessarily have vanishing Ricci tensor. On general abstract grounds, it then follows that the Bianchi identities (4.22) must allow one to express the Ricci curvature in terms of the T ijk . Indeed, by combining the first Bianchi identities via the ε-identities (another exercise for the reader), one derives the following expression for the Ricci curvature components R ij = R kikj :
This allows one to express the Ricci curvature directly in terms of the four torsion forms and their exterior derivatives. The resulting formula for the scalar curvature of the underlying metric g σ is
The full Ricci tensor is somewhat more complicated, but can be expressed as follows:
First, define a G 2 -invariant quadratic pairing Q :
by the following recipe: Choose a local basis e 1 , . . . , e 7 of orthonormal vector fields such that σ(e i , e j , e k ) = ε ijk (such a basis is often called a G 2 -frame field). Then, for α, β ∈ Ω 3 (M ) set
The resulting mapping Q does not depend on the choice of local G 2 -frame field. With this definition (and keeping in mind the definition (2.17) of j) one finds
While a formula in this generality is not of much practical use, when one goes to investigate special classes of G 2 -structures, this formula can simplify considerably, as will be seen.
Formulae essentially equivalent to a special case of the formulae (4.28) and (4.30) were found in [6, 7] , where the authors considered what they called 'integrable' G 2 -structures, which, in the notation of the present article, means G 2 -structures σ satisfying τ 2 = 0.
Remark 5 (General identities)
. It is perhaps worth remarking on why the identities (4.28) and (4.30) could be expected to have the form that they do.
In the first place, one knows that the scalar curvature must be expressible in a G 2 -invariant manner as a sum of a linear expression in the second order invariants, i.e., a section of a vector bundle modeled on V 2 (g 2 ), and an expression in the first order invariants, i.e., the torsion forms, that is at most quadratic. A glance at (4.7) shows that there is only one trivial summand in the representation V 2 (g 2 ) and hence there is essentially only one possible second order term up to a universal constant multiple. Since δτ 1 is a scalar second order invariant, it must represent this copy of V 0,0 in V 2 (g 2 ). As for the first order terms, since V 1 (g 2 ) consists of four mutually inequivalent G 2 -modules, the space of G 2 -invariant quadratic forms on this space has dimension 4 and must be represented by the square norms of the four torsion forms. Thus, a formula of the form (4.28) was inevitable; it was just a matter of determining the numerical coefficients, which was done with the aid of Maple.
The argument for the form of (4.30) is quite similar. Since the scalar curvature has already been determined, it is a question of writing down a formula for the trace-free part of the Ricci tensor, i.e., finding linear terms in V 2 (g 2 ) and quadratic terms in V 1 (g 2 ) that take values in the G 2 -module V 2,0 . Again, a glance at (4.7) shows that there are at most three possible second order terms and it is not difficult to see that the three second order terms that take values in V 2,0 found by taking derivatives of τ 1 , τ 2 , and τ 3 and projecting into a suitable V 2,0 representation are, in fact, independent and generate the three copies of V 2,0 that appear in V 2 (g 2 ).
On the other hand, using representation theory to compute the second symmetric power of V 1 (g 2 ) shows that there exist eight copies of V 2,0 in this symmetric power. Of those eight copies, five are computable via wedge product and appear in the formula for Ricci. Of the remaining three, one bilinear in τ 2 and τ 3 and the other two quadratic in τ 3 , only one of the terms quadratic in τ 3 actually makes an appearance. The rest is just a matter of determining constants. 
Thus, from (4.33) and (4.34) it follows that there exists a γ ∈ Ω 3 27 (M, σ) so that (4.35)
In summary, formulae (4.28) and (4.30) can be simplified in this case to
or, equivalently,
must hold everywhere on M .
Proof. Using (4.38), one obtains, after using (2.19), the orthogonality of Ω 3 1 (M, σ) and Ω 3 27 (M, σ), the identity (2.26), and the Cauchy-Schwartz inequality,
Now, the expression at the end of (4.44) will be a nonnegative multiple of the volume form * σ 1 as long as
Since − Scal(g σ ) ≥ 0, the inequality (4.41) with C < 1 will evidently imply that the expression at the end of (4.44) is a positive multiple of |τ 2 | 2 * σ 1. By Stokes' theorem, this will imply that τ 2 vanishes identically, as desired.
Suppose now that (4.41) holds with C = 1. Then the expression at the end of (4.44) is still a nonnegative multiple of |τ 2 | 2 * σ 1 and hence, by Stokes' theorem, must vanish identically. However, by the strong form of the Cauchy-Schwartz inequality, this can only happen if the relation
holds identically on the open set where |τ 2 | > 0. Now, if the locus |τ 2 | = 0 has any interior, then Ric(g σ ) vanishes on this interior since σ is both closed and coclosed there. Thus, (4.46) holds on both the open set where |τ 2 | > 0 and the interior of the locus where |τ 2 | = 0. Consequently, it must hold on all of M , as desired.
Remark 7 (Extremally Ricci-pinched closed G 2 -structures). Corollary 3 hints that the closed G 2 -structures σ that satisfy
might be of interest, since these are, in some sense, the most 'extremally Riccipinched' that a closed G 2 -structure can be on a compact 7-manifold. Whether there are any G 2 -structures satisfying these equations, even locally, is an interesting question.
Note that another way of phrasing Corollary 3 is to use (4.44) to show that the following inequality holds for any closed G 2 -structure on a compact manifold M :
and that equality holds in (4.48) if and only if σ satisfies (4.47).
Remark 8 (Differential invariants of closed G 2 -structures). Just as one can compute the dimension of the space of k-jets of G-structures as in §4.2, one can compute the dimension of the space of k-jets of G-structures satisfying some set of differential equations. In the case of closed G 2 -structures, denote the module of k-th order differential invariants by
. This implies, on abstract grounds, that the scalar curvature of the underlying metric of a closed G 2 -structure must be expressed in terms of the first order invariants (since there is no V 0,0 component in V ′ 2 (g 2 )) and that the full Ricci tensor can be expressed in terms of τ 2 and dτ 2 . Thus, the form of (4.36) and (4.37) could have been anticipated, if not the numerical coefficients.
The Torsion-free Case
A G 2 -structure σ ∈ Ω 3 + (M ) is said to be torsion-free if all of its four torsion forms vanish. There is an aspect of the geometry of torsion-free G 2 -structures that is analogous to the Kähler identities in complex Riemannian geometry and that is the concern of this section.
The material in this section was the result of a joint project with F. Reese Harvey and was carried out between 1991 and 1994.
5.1. Reference modules. It will be convenient to chose a 'reference' representation for each of the irreducible G 2 -modules that appear in the exterior algebra on V 1,0 .
Given any G 2 -structure σ ∈ Ω 3 + (M ), these will be chosen to correspond to the spaces of differential forms Ω 0 (M ), Ω 1 (M ), Ω 2 14 (M, σ), and Ω 3 27 (M, σ). For simplicity, these spaces will be referred to as Ω 1 , Ω 7 , Ω 14 , and Ω 27 when M and σ are clear from context.
5.2.
Exterior derivative identities. When a G 2 -structure σ has vanishing intrinsic torsion, the fundamental forms σ and * σ σ are parallel with respect to the natural connection (which is torsion-free) and so are all of the various natural isomorphisms between the different constituents of the bundle of exterior differential forms. Consequently, the various differential operators that one can define by decomposing the exterior derivative into its constituent components are really manifestations of first order differential operators between the abstract bundles. Thus, there will be identities (analogous to the identities one proves in Kähler geometry) between these different manifestations. In this subsection, these will be made explicit. Essentially, the proof of the following proposition is a matter of checking constants.
Proposition 2 (Exterior derivative identities).
Suppose that σ is a torsion-free G 2 -structure on M . Then, for all p, q ∈ {1, 7, 14, 27}, there exists a first order differential operator d p q : Ω p → Ω q , so that the exterior derivative formulas given in Table 1 hold for all f ∈ Ω 1 , α ∈ Ω 7 , β ∈ Ω 14 , and γ ∈ Ω 27 . These operators are non-zero except for d . Verifying the exterior derivative formulas is a routine matter that is best left to the reader. Once these have been established, the second order identities and the Laplacian formulas follow by routine computation.
Remark 9 (Torsion perturbations). In the general case of a G 2 -structure with torsion, all of the formulae in the tables listed above must be modified by lower order Table 3 . Laplacians terms. For example, in Table 1 the second line would be modified to
The zero right hand sides in Table 2 have to be replaced by first order operators whose coefficients depend on the torsion terms and, in Table 3 , one must take into account which particular part of the exterior algebra a given form occupies before writing down the appropriate formula for the Laplacian. It is not true, in general that ∆(f σ) = ∆f σ, for example.
Deformation and Evolution of G 2 -structures
The material in this section was the result of a joint project with Steve Altschuler and was carried out between 1992 and 1994. Our goal was to understand the long time behavior of the Laplacian heat flow defined below for closed G 2 -structures on compact 7-manifolds, specifically, to understand conditions under which one could prove that this flow converged to a G 2 -structure that is both closed and coclosed. Nowadays, this flow is called the Hitchin flow after Hitchin's fundamental paper [10] .
We were never able to prove long-time existence under any reasonable hypotheses, so we wound up not publishing anything on the subject, although we did get some interesting results and formulae that I have not seen so far in the literature. (I would be happy to learn of any places where these results have appeared so that I can properly acknowledge them in future versions of this article.) 6.1. The deformation forms. It turns out to be quite easy to describe deformations of G 2 -structures. The following result is well-known and can be found most explicitly in Joyce's treatment [12, §10.3] , though the notation is somewhat different. It is included here to establish notation for the discussion to follow. 
that depend differentiably on t and that are uniquely characterized by the equation (in which the t-dependence has been suppressed for notational clarity)
Moreover, the associated metric and dual 4-forms satisfy
Definition 4 (The deformation forms). The forms f 0 t , f 1 t , and f 3 t associated to the family σ t will be referred to as the deformation forms of the family.
One immediate consequence of Proposition 3 is a formula for the variation of the volume form:
By the same techniques, one can derive a second order expansion:
is definite. Moreover, there is an expansion of the form
where Q 1 and Q 3 are a 1-form and a 3-form in Ω 
This equation is diffeomorphism invariant and hence cannot be elliptic in the strict sense. However, it is not difficult to compute the linearization and see that it is transversely elliptic, i.e., elliptic transverse to the action of the diffeomorphism group. Thus, the by-now standard methods of DeTurck and Hamilton can be applied to show that, if M is compact, then for any smooth σ 0 ∈ Ω 3 + (M ) there exists an extended number T satisfying 0 < T ≤ ∞ and a 1-parameter family σ(t) ∈ Ω 3 + (M ) defined for all t such that 0 < t < T so that the family satisfies (6.8) and so that σ(t) approaches σ 0 uniformly as t approaches 0 from above. The fundamental issue then becomes to understand the behavior of the family as t approaches T .
For general σ, the formula for the Laplacian in terms of the torsion forms is not too illuminating:
This can be further expanded, but the general formula becomes unwieldy rather quickly.
6.2.1. Evolution of closed forms. Suppose now that the initial form σ is closed, i.e., that τ 0 , τ 1 and τ 3 are all zero initially. It is not difficult to show that the Laplacian flow preserves this condition, i.e., that the family σ(t) consists of closed forms.
For notational simplicity, for the rest of this section, τ 2 will be denoted simply as τ . Also, in the calculations to follow, t will be treated as a parameter, i.e., I will regard dt as zero when computing exterior derivatives. Thus, the assumptions are that In particular, note that the associated volume form * σ 1 is pointwise increasing. Finally, combining (6.11) with the formulae (4.38) and (6.2), one gets the evolution of the metric g σ in the form Remark 10 (The Einstein case). One case where this flow would definitely not converge (though it would exist for all time, i.e., T = ∞) would be the case in which the underlying metric were Einstein with a negative Einstein constant. In this case, the evolution would simply be scaling by an exponential factor e ct where c = Remark 11 (Nonconvergence). A more likely difficulty, it seems, is posed by the possibility that there may be torsion-free G 2 -structures φ for which the volume functional is not a local maximum at φ, so one should not expect the Laplacian flow to converge for most closed G 2 -structures near φ in the same cohomology class. In such a case, one could choose a closed G 2 -structure σ near φ but whose volume is slightly larger than that of φ. Then the flow with initial value σ cannot converge to any ψ in the connected component of the moduli space of torsion-free G 2 -structures that contains φ.
This does not mean that the flow cannot eventually converge, but if it does, then it will have to go to some other component of the moduli space.
Remark 12 (An example). Note that Fernández [4, 5] has constructed compact 7-dimensional manifolds M 7 that support a closed G 2 -structure but that cannot, for topological reasons, support a torsion-free G 2 -structure. Thus, in these cases, the above flow cannot converge.
It is instructive to look at one of her examples: Let G ⊂ GL(5, R) be the subgroup that consists of matrices of the form Let Γ = G ∩ GL(5, Z) and note that Γ is a co-compact discrete subgroup of G. Let M 7 = Γ\G be the space of right cosets of Γ in G. Then the ω i are well-defined on M and it is easy to verify that the 3-form In particular, note that, under this flow (which exists for all time, both past and future), the volume of the metric increases without bound. By the way, M cannot carry a metric with holonomy a subgroup of G 2 for the following reason: As Fernández shows, the first Betti number of M is 5. If there were a metric g on M with holonomy in G 2 , then it would be Ricci-flat and hence the harmonic representatives of the first cohomology group would give five linearly independent g-parallel 1-forms on M . However, this would imply that the holonomy of M is trivial, which would imply that there exist seven linearly independent parallel 1-forms on M . the eigenvalues of the Ricci tensor cannot decrease too much during the flow. This 'forced separation' is somewhat stronger than the separation implied by Corollary 3.
